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Abstract 

In this paper we have studied the relation between the fuzzy left 
(respectively right) ideals of T— semiring and that of operator semir- 
ing. Thereafter, we have established that the Lattices of all fuzzy 
left (respectively right) ideal of T— semiring is equivalent to that of 
Left operator semiring. Also we have established few properties re- 
lating the k— ideals and h— ideals of T— semiring with that of operator 
semiring. 
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1 Introduction 

The notion of T in algebra was first introduced by N. NaobuswajS] in 1964 
and also he defined the T— ring. In 1969, J. Luh[9] introduced the concept 
of left operator ring and right operator ring of T— ring. In 1995, M. M. K. 
Rao[l] introduced the concept of T— semiring as a generalization of semir- 
ing and T— ring. Thereafter S. K. Sardar and T. K. Dutta[6] modified the 
definition of T— semiring of Rao [4] and then they redefined the left operator 
semiring and right operator semiring of a T— semiring and obtained a few 
interesting properties. Later on, much has been developed on this concepts 
by different researchers. 

Fuzzy set theory was first introduced by Zadehj2] in 1965 and thereafter sev- 
eral authors contributed different articles on this concept and applied it on 
different branches of pure and applied mathematics. In 1971, Rosenfeld[5] 
defined fuzzy subgroups, fuzzy ideals and studied its important properties. 



2 



Jayanta Ghosh , T.K. Samanta 



Thereafter in 1982, Liupl)] introduced and developed basic results of fuzzy 
subrings and fuzzy ideals of a ring. In 1992, Jun and LeejT] introduced the 
notion of fuzzy ideal in T— ring and studied a few properties. In 2005, Dutta 
and ChandajH] studied the structures of fuzzy ideals of T— ring via operator 
rings of T— ring. 

In this paper, we have established a few results in respect of fuzzy left (respectively 
right) ideals, fuzzy ideals of a T— semiring and its operator semirings. If a 
is a fuzzy ideal of a T— semiring then we have proved a + is a fuzzy ideal of 
the corresponding left operator semiring. Also, if /i is a fuzzy ideal of left 
operator semiring then /i + is a fuzzy ideal of the corresponding T— semiring. 
Then it is shown that there exist an inclusion preserving bijection a — > a + 
between the Lattices of all fuzzy right ideals (respectively fuzzy ideals) of 
a T— semiring and the Lattices of all fuzzy right ideals (respectively fuzzy 
ideals) of the corresponding left operator semiring. Similarly the above re- 
sults hold for right operator semiring of a T— semiring. Also we have studied 
similar results relative to fuzzy k— ideals, fuzzy h— ideals of a T— semiring 
and its operator semirings. 

2 Preliminaries 

This section contain some basic definitions and preliminary results which 
will be needed in the sequel. 

Definition 2.1 JEj/ Let S and T be two additive commutative semigroups. 
Then S is called a T— semiring if there exists a mapping S x T x S — ^ S 
(image to be denoted by aab where a,b G S and a G T) satisfying the 
following conditions: 

(1) aa(b + c) = aab + aac 

(2) (a + b)ac = aac + bac 

(3) a(a + (3)c = aac + a (3 c 

(4) a a (b (3 c) = (aab) (3 c 

for all a,b,c G S and for all a, (3 G T. 

Definition 2.2 Let S be a T— semiring and fi be a fuzzy subset of S. 
Then fi is called a fuzzy left ideal of S if 

(1) n(a + b) > min( //(a) , /i(6) ) 

(2) fi(aab) > /j,(b) 

for all a, b G S and for all a G T. 

Definition 2.3 Let S be a Y— semiring and n be a fuzzy subset of S. 
Then ji is called a fuzzy right ideal of S if 
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(1) /i(a + b) > min( p(a) , p{b) ) 

(2) p(aab) > p(a) 

/or a/i a, 6 G S and for all a G Y . 

Note: If a fuzzy subset p of T— semiring 5 is both fuzzy left and fuzzy right 
ideal of S then p is called a fuzzy two-sided ideal or simply fuzzy ideal of 
S. 

Definition 2.4 Let S be a T— semiring. A fuzzy ideal p of S is called 
fuzzy k— ideal of S if p(x) > min( p(x + y) , p(y) ) for all x,y G S. 

Definition 2.5 Let S be a V— semiring. A fuzzy ideal p of S is called 
fuzzy h— ideal of S if for all x, z,y 1: y 2 G S s.t. x + yi + z = y 2 + z implies 
p(x) > min(/i(yi) , n(y 2 ) )■ 

Similarly we define fuzzy one-sided k— ideal and one-sided h— ideal of S. 

Definition 2.6 [6] Left operator semiring and Right operator 
semiring of a T -semiring 

Let S be a V -semiring and F be the free addtive commutative semigroup gen- 
erated by S x T. Then the relation p on F defined by J2i ( x i, a i) P J2j {Vji 0j) 
iff J2i XiOiia = J2j VjPja for all a G S, is congruence on F. We denote 
the congruence class containing J2i by J2i [%i,C£i]. Then F/p is an 

additive commutative semigroup. Now we define a multiplication on F/p 
by (Ei [xi,az i ])('Ej [yj,Pj]) = J2i,j [xiOtiyj, Pj]- Then F/p forms a semiring 
with multiplication defined above. We denote this semiring by L and call it 
the left operator semiring of the Y -semiring S. 

Dually we define the right operator semiring R of the V -semiring S where 
R = { Ei [oti, Xj\ : a, G T, Xi G S} and the multiplication on R is defined 
as (Ei [<Xi,Xi])(i2j \Pj,Vj\) = Ei,j [<Xi,Xipjyj]. 

We also note here that for [x + y, a] , [x, a + 0\ G L, 

[x + y,a] = [x, a] + [y, a] and [x, a + (3} = [x, a] + [x, (3} . 

Similarly for [a, x + y] , [a + (3, x] G R, 

[a, x + y] = [a, x] + [a, y] and [a + (3, x] = [a, x] + [(3, x] . 

Definition 2.7 Let S be a Y —semiring and L be its left operator semir- 
ing. Let p be a fuzzy subset of L. Then p is called a fuzzy left ideal of L if 

(1) p( Ei [xi, a { ] + Ej [Vj, Pj] ) > min( p( E 4 [x i: a<] ) , p( Ej [yj, Pj] ) ) 

(2) p( Ei [xi, a-] . Ej [yj, Pj] ) > n{ Ej [yj, Pj] ) 

for all Ei [xi, ai) , Ej [yj, Pj] e L. 
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Definition 2.8 Let S be a T— semiring and L be its left operator semir- 
ing. Let ix be a fuzzy subset of L. Then /x is called a fuzzy right ideal of L if 

( 1) M Ei [x i} ai] + [yj, Pj] ) > min{ fx( Ei [a*, on] ) , fi( Ej [yj, pj] ) ) 

(2) fi( Ei [xi, ai] . J2j [yj, Pj] ) > K Ei [xi, ) 
for all Ei [xi, an] , Ej [yj, Pj] G L. 

Note: If a fuzzy subset /i of L is both fuzzy left and fuzzy right ideal of L 
then [x is called fuzzy two-sided ideal or simply fuzzy ideal of L. 

Definition 2.9 Let S be a Y -semiring and L be its left operator semiring. 
A fuzzy ideal fx of L is called fuzzy k-ideal if for all Ei [x%, Qtj] , Ej [Vj, Pj] G 
L, ' " ' 

/'( Ei [xi, a-\ ) > min( /x( Ei [xi, a t ] + Ej [y jt Pj] ) , fx(£j [y j} Pj]) ). 

Definition 2.10 Let S be a V -semiring and L be its left operator semir- 
ing. A fuzzy ideal fx of L is called fuzzy h-ideal if for all Ei [ x i, on] , Ej [yj, Pj], 
Efe W,lk\, Ei [ui,$i] G Ls.t. Ei [xi,ai]+Ej [Vj,Pj]+Ek [zk,lk] = Ei [ui,5i] + 
Efc [zk,lk] implies 

/i(Ei[zi,tti]) > min(//(Ej , A*(Ei [uj,$D )■ 

Similarly we define fuzzy left ideal, fuzzy right ideal, fuzzy ideal, fuzzy 
fc-ideal, fuzzy /i-ideal of the right operator semiring R. 

Definition 2.11 |2|/ Let S be a T— semiring and L be its left operator 
semiring. 

For a fuzzy subset fx of L, a fuzzy subset fx + of S is defined by 
fx + (a) = inf^gr /i([a, a]) where a G S. 
For a fuzzy subset a of S , a fuzzy subset a + of L is defined by 
o" + '(Ei [Xi,ai] ) = inf e s c(Ei x^a) where Ei[^i,«i] G L. 

Definition 2.12 J2J/ Let S be a T— semiring and R be its right operator 
semiring. 

For a fuzzy subset fx of R, a fuzzy subset fx* of S is defined by 
fx*(a) = inf^gr fx([a, a]) where a e S. 
For a fuzzy subset o of S , a fuzzy subset a* of R is defined by 
c*'(Ei [ati,Xi] ) = inf ae5 a( Ei aotiXi) where Ei[«i,^i] G R- 

Definition 2.13 ftjj/ Let S be a T— semiring and L be its left operator 
semiring and R be its right operator semiring. 

If there exist an element Ei [ei,b~i] G L (respectively Ej [lj,fj\ G R) 

s.t. Ei e,i0~iO = a (respectively Ej a ljfj — a ) f° r all a E S then S is said 

to have left unity Ei 5i\ (respectively the right unity Ej [lj, fj])- 

proposition 2.14 JBj/ Let S be a V -semiring and L be the left operator 
semiring of S. //Ei [e-i, Si] is the left unity of S, then it is the identity of L. 
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proposition 2.15 JBj Let S be a T -semiring and R be the right operator 
semiring of S. IfJ2j [iji fj] is the right unity of S , then it is the identity of 
R. 

Throughout the text, unless otherwise stated explicitly, we consider a V- 
semiring S which has the left unity, the right unity which implies that the 
left operator semiring L and the right operator semiring R of S has identity 

3 Corresponding Fuzzy Ideals 

proposition 3.1 Let S be a T— semiring and L be its left operator 
semiring. Then 

(1) if fi is a fuzzy left ideal of L then fi + is a fuzzy left ideal of S . 

(2) if fi is a fuzzy right ideal of L then fi + is a fuzzy right ideal of S. 

(3) if ii is a fuzzy ideal of L then fi + is a fuzzy ideal of S. 

Proof. (1) Let fi be a fuzzy left ideal of L. Let a, b G S and'-f G T then 
fi + (a + b) = inf Qgr /i([a + 6, a)) 

> inf aer { min {{J,([a, a)), fj,([b,a])}} 

= min { inf Qg r «]) , inf ae r M[^> a }) } 

= min { /i + (a) , fi + (b) } 

/i + (a7&) = inf aer fi([cfyb, a}) where [a^b, a] = [a, 7]. [ft, a] 

> infagr /•*([&, ct]) since fi is a fuzzy left ideal of L. 

So, fi + is a fuzzy left ideal of S. 

(2) Let \x be a fuzzy right ideal of L. Let a, b e S and'y G T. 
Then by (1) we have fi + (a + b) > min { fi + (a) , } 
Now n + {a^b) = inf^gr ^([076, a}) 

> inf ag r A* ([a , 7]) since /1 is a fuzzy right ideal of L. 

> inf aer i_i([a, a}) 
= /i + (a). 

So, /i + is a fuzzy right ideal of S. 

(3) Follows from (1) and (2). 

proposition 3.2 Let S be a T— semiring and L be its left operator 
semiring. Then 

(1) if a is a fuzzy left ideal of S then a + is a fuzzy left ideal of L. 

(2) if a is a fuzzy right ideal of S then a + is a fuzzy right ideal of L. 

(3) if a is a fuzzy ideal of S then a + is a fuzzy ideal of L. 
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Proof. (1) Let a be a fuzzy left ideal of S. Let Ei [x%, <*i] , Ej [Vj, Pj] £ L 
Then o + '( Ei [x» on] + Ej [Vj, Pj] ) 

= inf ae s o-(Ei xiaia + Ej J/j&a) 

since a is a fuzzy left ideal of S 
> mi ae s {min {<r(Ei a^a) , cr(Ej y^-a)}} 
= mm{ inf o6S cr( Ei av^a), inf ag5 cr(Ej VjPja)} 
= min{ <7+ '( Ei [a*, aj ) , <x + '( Ej )}• 
Now a+ '( Ei [xi, a*] . Ej [yj, ) 
= cr+' ( Ei,j kittil/i , Pj] ) 
= inf ae 5 c(Ei,j {xmyi)PjQ) 
= inf ae5 cr(Ej,j Xia^yjpjd)) 
= inf ae5 (j(Ei ^«i(Ej J/j^j-a) ) 

> inf ae5 { mini {<?( a^a^Ej VjPjo) )}} 

> inf aS 5 { mini {^"(Ej VjPj a )}} since a is a fuzzy left ideal of S 
= inf aeS cr(Ej %-&a) 

= ^'(Ej^^D" 

So, cr + is a fuzzy left ideal of L. 

(2) Suppose cr is a fuzzy right ideal of S. Let Ei [a?i, a i] , Ej [yj, /?j] £ £ 
Then by (1), o"+ '( Ei «i] + Ej [Vj, Pj] ) > rnin{ a + '( Ei fci, «i] ) , <x + '( Ej [Vj, Pj] )}• 
Now a + '( Ei «i] • Ej [yj, /?j] ) 

= o" + ' ( Ei,j [a^y,- , Pj] ) 

= inf ae5 cr(Ei,j {xiony^pja) 

= inf ae5 cr(Ej(Ei XiOtiy^pja) 

> inf ae5 {minj {cr(Ei x^y^Pja )}} 

> inf a€ 5 {mirij {cr(Ei XiOnyj )}} since a is a fuzzy right ideal of S 
= mirij {a(Ei x^yj )} 

= cr + ' (Ei [£i,ai] )• 
So, <r + ' is a fuzzy right ideal of L. 

(3) Follows from (1) and (2). 

Theorem 3.3 Let S be a Y -semiring and L be its left operator semiring. 
Then there exist an inclusion preserving bijection a — )■ o + between the 
lattices of all fuzzy right ideals (respectively fuzzy ideals) of S and the lattices 
of all fuzzy right ideals (respectively fuzzy ideals) of L. 
Where a denotes a fuzzy right ideals (respectively fuzzy ideals) of S. 
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Proof. We first consider the case for lattices of all fuzzy right ideals. 
Let a be a fuzzy right ideal of S. Then for all a G S, 

(a + ') + (a) = inf aer a + '([a,a\) = inf aer inf 6gS a(aab) (1) 

Since S has the right unity say Ei [li, ft] 
So, for all a G S, a = Ei a lifi 

Therefore, a(a) = <r(Ei aiifi) > min i o(a'y i f i ) > mf Qgr inf 5e s a(aab) 

So, by (1) we have (a) < a (a) (2) 

Again, since a is a fuzzy right ideal of S, therefore a(aab) > a (a) for all 

a, b G S, a G T 

So, by (1) we have (a + ) + (a) > inf ae r inffces = (3) 

By (2) and (3) we have (<r + ) + (a) = a (a). Hence the mapping a — > a + 
is one-to-one. 

Now let fj, be a fuzzy right ideal of L. Then for all Ei [ x i, a i] £ 
G" + ) + ' (Ei [a:*, a*]) = inf ae s At + (Ei awa) = inf ae5 inf aer /i( [ J2i x^a , a ] ) 
= inf ae5 inf aer fi{ Ei [a* a* a, a] ) since [x + y, a] = [x, a] + [y, a] 

= inf ae5 inf aer M (Ei [a*, ai]).[a, a] ) (4) 

Since L has the identity say, Ej l e j, dj] 
So, Ei ki, «»] • Ej [ej, <Jj] = Ei [xi, a t ] 

Therefore, //( Ei fc, «i] ) = M E» fc*, «*] ■ Ej [e^, ^] ) = /j( foa^, 5,] ) 
= MEj [Ei^c^,^] ) > mm i /i(Ei[^a i e i ,5 3 ]) 

since // is a fuzzy right ideal of L 

> inf ae5 inf aer fx( Ej [a^a, a] ) 

So, by (4) we have ' (Ei a*]) < /j( Ei «»] ) (5) 

Again, since /x is a fuzzy right ideal of L, therefore /j( (Ei [xj, aj]) . [a, a] ) > 

/i( Ej [xi, ai] ) where Ei [xi, «i] , [a, a] G L 

So, by (4) we have (/i + ) + ' (Ei on]) > inf ae5 inf aer fJ>( Ei fci, «i] ) 

= MEi [xi,ai] ) (6) 

By (5) and (6) we have (/i + ) + ' (Ei [xi, «i]) = /i( Ei fci, <*i] )• 

Hence the mapping <r — >■ <x + is onto. Thus the mapping is bijective. 

Now let a and /i be two fuzzy right ideals of S s.t. a < \x. Then for all 

Ei [x^ ai] G L. a + ' ( Ei [a*, «i] ) = inf a e5 <r( Ei ) < inf ae s A*( Ei a^a ) 

= /i + '( Ei [^ii a i] )• Hence the said mapping is order preserving. 

Also let 77 , v be two fuzzy right ideals of L s.t. rj < v. Then for all a G £ 

r/+(a) = inf aer r)([a,a]) < inf aer u([a,a]) = v + (a). 

So, inverse of the said mapping is also order preserving. 

Hence for the lattices of all fuzzy right ideals the theorem is proved. 

Similar proof for the case for the lattices of all fuzzy two-sided ideals or 

simply fuzzy ideals. Hence the theorem is proved. 
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Now we obtain analogous results of Propositions 3.1, 3.2 and Theorem 
3.3 for the right operator semiring R of a T-semiring S. We only state the 
results as the proof is similar as in case of the left operator semiring L. 

proposition 3.4 Let S be a Y— semiring and R be its right operator 
semiring. Then 

(1) if ji is a fuzzy left (respectively right) ideal of R then ji* is a fuzzy left 
(respectively right) ideal of S. 

(2) if \i is a fuzzy ideal of R then fi* is a fuzzy ideal of S. 

proposition 3.5 Let S be a T— semiring and R be its right operator 
semiring. Then 

(1) if a is a fuzzy left (respectively right) ideal of S then a* is a fuzzy left 
(respectively right) ideal of R. 

(2) if a is a fuzzy ideal of S then a* is a fuzzy ideal of R. 

Theorem 3.6 Let S be a Y— semiring and R be its right operator semir- 
ing. Then there exist an inclusion preserving bijection a — >■ a* between the 
lattices of all fuzzy left ideals (respectively fuzzy ideals) of S and the lattices 
of all fuzzy left ideals (respectively fuzzy ideals) of R. 
Where a denotes a fuzzy left ideal (respectively fuzzy ideal) of S. 

proposition 3.7 Let S be a T— semiring and L be its left operator semir- 
ing. 

Then (1) if a is a fuzzy k— ideal of S then a + is a fuzzy k— ideal of L. 
(2) if \i is a fuzzy k— ideal of L then ji + is a fuzzy k— ideal of S. 

Proof. (1) Let a be a fuzzy k— ideal of S. Then by proposition 3.2 
a + is a fuzzy ideal of L. Now, let E« [ x i, a i] ? Ej [yj, Pj] L, 
then J2i XiOiia , J2j UjPj a £ S for all a e S. 
As a is a fuzzy A;— ideal of S then 

a(J2i XiCtia) > min(o-(J2i + £j y$jO) , cr(£j yfijO) ). 

So, inf aG5 o-(J2i XiOtia) > min(mi aeS cr(Ei awa+Ej yjPja) , inf agS cr(£j y$ja) ). 
This implies that a + ' (J2i [x t , ai]) > min( a + ' (Yh [ x h «i]+Ej \yj, , °" + '(Ej [VjPj]) )■ 
Hence a + is a fuzzy k— ideal of L. 

(2) Let n be a fuzzy k— ideal of L. Then by proposition 3.1 
/i + is a fuzzy ideal of S. 

Now, let x, y G S, then [x, a] , [y, a] G L for all a G T. 
As /i is a fuzzy k— ideal of L, then 

H([x,a]) > min(n([x,a]+[y,a]) , /i([y,a])) = min( (i([x+y, a]) , fi([y, a]) ) 
So, inf aer n([x,a\) > min( inf aer n([x + y, a]) , inf aer /i([y, a]) ). 
This implies that fi + (x) > min(fi + (x + y) , fi + (y) ). 
Hence /x + is a fuzzy A;— ideal of 5. 
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proposition 3.8 Let S be a T— semiring and L be its left operator semir- 
ing. 

Then (1) if a is a fuzzy h— ideal of S then cr + is a fuzzy h— ideal of L. 
(2) if n is a fuzzy h— ideal of L then /i + is a fuzzy h— ideal of S. 

Proof. (1) Let a be a fuzzy h— ideal of S. Then by proposition 3.2 
a + is a fuzzy ideal of L. 

Now, let Ei [xi,<Xi], Ej [Uj,Pj], Efc [2*,7fc]» E; [uhVi] e L such that 

Ei to, <*i] + Ej [%•, + Efe 7fc] = E/ k, + Efe [zk, ik]- 

Then Ei a^c^a, Ej VjPj a i E& Zklk®, E« UiVi a G S 1 for all a G 5 and 
Ei xma + + Efc z klka = J2i uflia + Efc z k ~/ k a. 

As a is a fuzzy h— ideal of S then 

°"(Ei ^ittjo) > mm( c(Ej Djfij a ) > °"(E« u iVi a ) ) f° r an o, & S. 
So, inf ae5 (j(Ei Xiaja) > mm( inf a6S %7?j«) , inf ae s 0"(E; ^^a) ). 

This implies that tr + '(Ei > mm( <x + '(Ej , o~ + '(Ej K, ^]) )■ 

Hence <r + ' is a fuzzy /i— ideal of 5. 

(2) Let /i be a fuzzy /i— ideal of L. Then by proposition 3.1 fi + is a fuzzy 
ideal of S. 

Now, let x, z,yi,y2 G 5 such that x + y± + z = y 2 + z. 

Then for all a G T, we have [x, a] , [z, a] , [yi, a] , [y 2 , a] G L and 

[x + yi + z, a] = [y 2 + z, a] i.e. [x, a] + [y l , a] + [z, a] = [y 2 , a] + [z, a}. 

As /x is a fuzzy h— ideal of L then /i([x, a}) > min{ /i([yi, a]), /i([y2, oi\) ) for 

all a G T. 

So, inf aGr fJ.([x,a]) > min(m£ aer A*([yi,a]), inf ae r A*([y 2 ,a]))- 
This implies that ji + {x) > mm( / u + (y 1 ) , fi + (y 2 ) )• 
Hence /x + is a fuzzy h— ideal of 5. 

Now we obtain analogous results of Propositions 3.7, 3.8 for the right 
operator semiring R of a T-semiring S. We only state the results as the 
proof is similar as in case of the left operator semiring L. 

proposition 3.9 Let S be a T— semiring and R be its right operator 
semiring. 

Then (1) if a is a fuzzy k— ideal of S then a* is a fuzzy k— ideal of R. 
(2) if n is a fuzzy k— ideal of R then /i* is a fuzzy k— ideal of S. 

proposition 3.10 Let S be a T— semiring and R be its left operator 
semiring. Then 

(1) if a is a fuzzy h— ideal of S then a* is a fuzzy h— ideal of R. 

(2) if ji is a fuzzy h— ideal of R then ji* is a fuzzy h— ideal of S . 

Remark 3.11 Propositions 3.7,3.8,3.9 and 3.10 are also valid for fuzzy 
one-sided k— ideals and h— ideals. 
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We now only state the following theorems as the proof is analogous to that 
of the Theorem 3.3. 

Theorem 3.12 Let S be a Y -semiring and L be its left operator semiring. 
Then there exist an inclusion preserving bisection a — > a + between the set 
of all fuzzy k— ideals (respectively fuzzy h— ideals) of S and the set of all 
fuzzy k— ideals (respectively fuzzy h— ideals) of L. 
Where a denotes a fuzzy k— ideal (respectively fuzzy h— ideal) of S. 

Theorem 3.13 Let S be a Y -semiring and R be its right operator semir- 
ing. 

Then there exist an inclusion preserving bijection a — > a* between the set 
of all fuzzy k— ideals (respectively fuzzy h— ideals) of S and the set of all 
fuzzy k— ideals (respectively fuzzy h— ideals) of R. 
Where a denotes a fuzzy k— ideal (respectively fuzzy h— ideal) of S. 

Remark 3.14 Theorem 3.12 is also valid for fuzzy right k— ideals and 
fuzzy right h— ideals and Theorem 3.13 is also valid for fuzzy left k— ideals 
and fuzzy left h— ideals. 
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